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ABSTRACT: Surface subsidence is a concern for many underground mining activities. 
If not predicted, this phenomenon can cause severe infrastructure damage. In this paper, 
a computer model is used to predict surface subsidence after the controlled collapse of 
a coal mine at Naburn in North Yorkshire, England. Scarcity of data on the 
characteristics of deep underground distressed and caved zones around coal mining 
excavations makes the numerical prediction of mining-induced subsidence very 
difficult. The authors derive appropriate input parameters for the numerical model using 
available borehole data with all necessary justifications provided. Simulations are 
performed using the commercial software FLAC3D. Different constitutive models, such 
as Mohr-Coulomb, modified Hoek-Brown, strain-softening, double yield, and modified 
Cam-clay are used to obtain surface subsidence profiles, which are compared against 
measurements taken at the site. Special attention is given to numerically simulating 
processes involved in the underground movements. It is shown that none of the models 
listed above can reasonably predict the surface subsidence profile. 
 





Any underground work can cause surface subsidence, which could damage 
infrastructure and buildings. Longwall coal mining is not an exception. In order to 
mitigate consequences of the subsidence and choose the appropriate method of mining, 
it is important to predict the size and depth of the trough. Some empirical methods of 
surface subsidence prediction have been developed in different countries based on the 
observed local data; for example, one of them is in the Subsidence Engineers’ Handbook 
(NCB, 1975) developed in the UK. FLAC3D is commercial software, which has been 
used to predict the surface subsidence trough (Herrero et al., 2012 and Xu et al., 2013). 
However, due to the complex behaviour of the rock, there is minimal confidence in 
predictions from numerical modelling and more research is required (Xu et al., 2013). 
The purpose of this work is to increase the understanding and develop the procedure of 
the numerical simulation of the surface subsidence with limited information on the 
properties of the overburden. 
 
The following procedure are followed: 
-Deriving model parameters from the borehole data; 
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-Setting the domain of the model; 
-Assigning the constitutive model; 
-Assigning the parameters derived earlier; 
-Setting initial and boundary conditions; 
-Running the model to equilibrium; 
-Assigning the special constitutive model to the excavating zone to model goaf 
behavior; 
-Assigning the parameters, which are inherited from the roof layer or derived from the 
literature, to the goaf; 
-Assigning characteristics of the volumetric behavior of the goaf; 
-Running the model to equilibrium; 
-Altering volumetric characteristics in the goaf to obtain the required  goaf height after 
the simulation (adjusting the goaf height). 
 
The paper explains the procedure and discusses the modelling results in three parts. The 
first part explains a method developed by the authors for estimating and assigning the 
appropriate physical-mechanical properties to the model using a visual description of 
the borehole log. This method was created after an extensive literature search and based 
on the works of Balmer (1952), Deere (1968), Hoek and Brown (1980), Hansen (1988), 
Palmström (1995), Hoek and Brown (1997), Palmström and Singh (2001), and Hoek 
and Diederichs (2006). The second part describes the site of interest, the model domain, 
the mesh density, the initial and boundary conditions. The site is at Naburn in North 
Yorkshire, England. A measured subsidence profile was obtained from UKCoal. The 
mine collapsed uncontrollably after Longwall mining without stowing. The third part 
discusses results, the modelled stresses in the goaf, the debris caused by a mine collapse, 
the influence of the Geological Strength Index (GSI) and surface subsidence. 
 
2. PHYSICAL-MECHANICAL PROPERTIES 
 
2.1 Elastic Stiffness 
 
Before developing a surface subsidence model, the estimation of the strength and 
deformation characteristics of rock masses should be carried out. It can be done in the 
laboratory, but it is expensive and suitable samples are not always available. After a 
wide literature review, a method for the estimation of the rock properties based on the 
borehole log description was developed and is presented in this section. 
 
A key property of the material is the elastic stiffness. Hoek and Diederichs (2006) 


















EE  (1) 
where GSI is the Geological Strength Index introduced by Hoek and Brown (1997) and 
describes the insitu state of the rock. A GSI of 100 is for a very good, undisturbed rock 
mass whereas a GSI of 0 is for a very poor quality, disintegrated rock mass. D is the 
disturbance factor, which is dependent upon the excavation conditions, i.e. blasting a 
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rock face will give the rock a disturbance factor of 1 while careful excavation will yield 
a disturbance factor of 0. Ei is given by: 
cii MRE    (2) 
where MR is the modulus ratio classified by rock type and presented in Table 1, MR 
was first proposed by Deere (1968) and later modified by Palmström and Singh (2001). 
σci is the uniaxial compressive strength of the intact rock, which could be found in Table 
2. 
 
2.2 Failure Parameters 
 
Hansen (1988) and Hoek and Brown (1980) developed the algorithm to determine 
failure parameters based upon a description of a borehole log. In order to find the Mohr-
Coulomb parameters, cohesion and internal friction, the Hoek-Brown failure criterion 
is approximated with a Mohr-Coulomb failure surface by following the work of Hoek 
and Brown (1997). Equation 3, the Hoek-Brown empirical failure criterion for jointed 
rock masses, provides values of σ1 that lay on the yield surface for different values of 
σ3 hence it can be used to generate the maximum and minimum principal stresses for 
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where, mi refers to the value of m for intact rock in the Hoek-Brown model and is 











s  (5) 
Then, the values for σ3 must be selected. Hoek & Brown (1997) concluded that the most 
consistent results are obtained when 8 equally spaced values between 0 < σ3 < 0.25σci 
are used. 
 
To find the tangent of the failure surface at the appropriate stress level, first the non-
linear analytical solution for Mohr’s envelope is found and then a linear regression 
analysis is used to find the equation of the tangent at that point. 
 
Balmer’s analytical solution (Balmer, 1952) to Mohr’s envelope describes the 
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The tensile strength of the rock is calculated by substitution of σ1 = 0 and σtm = - σ3 in 
the Hoek-Brown failure criterion (Equation 3): 
 smm bbcitm 4
2
2 
  (9) 
The equivalent Mohr envelope may be written as: 
XBAY  )log(   (10) 
which requires determination of A and B. The values of X and Y can be calculated using 
























log  (12) 
The constants A and B can then be calculated using a linear regression analysis, i.e. 
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22  (14) 
where T is the number of values in the sequence, i.e. 8, if the earlier suggestion is 
followed. 
 


























  (15) 
   Tanc ni'75.0   (16) 
Since A and B are known, then using σni in place of σn , (i.e. general notation of the 
normal stress), in Equation 12 will evaluate an expression for X which can be used in 
Equation 10 to find a value of Y. This can be used to calculate τ from Equation 11. 
 
It can be seen that another new parameter (σni) has been introduced and this is the value 
of the normal stress at the point of interest. To determine this value we need to turn to 
the work of Hoek and Brown (1980). 
 
Hoek and Brown found the correlation (Eq. 17) between depth and vertical insitu stress 
based on the collated worldwide data from researchers investigating the insitu state of 
stress underground (Figure 1). 
zni  027.0  (17) 
The vertical stress calculated by Equation 17 is given in MPa. This value is equivalent 
to the normal stress and enables us to completely specify the mechanical properties of 
the rocks underground. 
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3. MODEL DEVELOPMENT 
 
3.1 Site of Interest 
 
A measured subsidence profile and the borehole log description were taken from both 
above and under the Barnsley seam at Naburn in North Yorkshire, UK. The overburden 
consists of siltstone, sandstone, mudstone, and seatearth (claystone underlying coal 
seam). The bulk and shear moduli were calculated using Equations 1 and 2 for the elastic 
stiffness and assuming a Poisson’s ratio of 0.2 for all layers. The internal friction and 
cohesion were derived from Equations 15 and 16. The tensile strength was calculated 
by Equation 9. A density of 2700 kg/m3 was taken as an average value for these types 
of rock after data collected by Shtumpf (1994) in Table 4.  
 
3.2 Model Domain 
 
Due to the symmetry of the problem, the model domain could be reduced by half of the 
profile to reduce running time of the simulation. The size of domain was chosen in such 
a way that the boundary conditions did not impact on the result. Figure 2 shows the sizes 
of the model, the placement of the goaf, the location of the roller boundary conditions, 
and two different densities of the mesh. The excavation under investigation was 2.8m 
thick, 75m wide, and 709.6m below the surface. The model was fixed in the out of plane 
direction. The bottom of the model was fixed in the vertical direction, and two sides 
were fixed in the horizontal direction. The lowest density mesh was located where the 
stresses were low following the recommendations of the FLAC3D manual (Itasca, 
2013). Either the Mohr-Coulomb, modified Hoek-Brown, or the strain-
hardening/softening models constituted the behaviour of the whole subsurface. The 
exception was the goaf material, where the double yield and later the modified Cam-
clay models were implemented. 
 
3.3 Simulation of the Goaf Behaviour 
 
According to Najafi et al (2014), the simulation of the goaf behaviour is important for 
the accuracy of the subsidence prediction. Herewith, the goaf material is deep 
underground and it is difficult to estimate its properties. There have been numerous 
attempts at characterizing the goaf behaviour in the literature. For example, Salamon 
(1983) described the volumetric compression properties of the goaf material by the 
following equation: 𝜎 = 𝛼𝜀𝛽−𝜀 (18) 
where α and β are empirical constants. 
 
Later, Salamon (1990) rewrote Equation 18 and eliminated the empirical constants by 












where E0 is the initial tangent modulus and εm is the maximum strain of the goaf 
material. 
 
Since the parameters are difficult to estimate, and even sometimes impossible, the 
authors of this paper go further with assumptions. Equation 18 can be rewritten 
considering the coefficient γ=1/εm, which is used to adjust the height of the goaf after a 








The correctness of the modelled goaf behaviour is possible to check by two facts: the 
goaf height and the stresses in the goaf after the simulation. The stresses in the goaf will 
be discussed in the next section.  
 
The required goaf height at the end of the simulation can be estimated by the initial 
height of the seam. The required height can be found by the multiplication between the 
height of the mine and the subsidence factor: these are collected in Table 5 for different 
regions of the world by Bräuner (in Bell and Donnelly, 2006). The subsidence factor 
depends on the region and whether or not the excavated area has been filled or packed. 
The factor is used to calculate maximum possible subsidence. Table 5 shows the 
subsidence factor varies from 0.33 to 0.9 for the different regions. The recommended 
factor is 0.9 for mines in UK. For the case at hand with a height of the excavation of 
2.8m, the required final height of the goaf is estimated as 0.28m. Altering the parameter 
γ, the simulation was repeated until the goaf height after the simulation becomes within 
5% error of the required height. For the sake of simplicity, this process of obtaining the 
required goaf height by altering the volumetric characteristics of the goaf is called 
‘adjusting goaf height’. 
 
In order to model the strain-hardening behaviour of the goaf material, the double yield 
model, which allows both shear and volumetric compression, is traditionally 
implemented. In FLAC, the stress-strain curve is approximated by a table to generate a 
linear piecewise curve. In the developed model, the table has 10 rows. The elastic 
properties, bulk and shear moduli, and Mohr-Coulomb properties, friction and cohesion, 
correspond to the properties of the roof material. 
 
As it will be shown later, the double yield model cannot simulate the goaf behaviour 
precisely enough. Instead, one of the Critical State models, namely the modified Cam-
clay model, was implemented. Derbin et al. (2016) showed that the modified Cam-clay 
model predicts the goaf behaviour more accurately than the double yield model. 
Computational application of Critical State theory includes different types of soil and 
soft rock (Gens, and Potts, 1988). Xiao et al. (2016) successfully implemented the 
Critical State concept to predict the behaviour of coarse granular soil (which is a 
material suitable for a rockfill dam) in a true triaxial compression test. The rockfill could 
best be described as a very coarse granular type of soil according to the British Soil 
Classification System (BS 5930:1981). The very coarse soils are cobbles with sizes of 
63-200mm, boulders with sizes of 200 - 630mm, and large boulders with sizes of more 
the 630mm. Singh and Singh (2011) argued that goaf consists of 22.5% boulders and 
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77.5% large boulders. It should be also noted that the elastic properties depend on strain 
in the modified Cam-clay model. This corresponds better to the real behaviour of the 
goaf (Badr et al., 2003).  
 
The goaf material was described by critical state parameters, i.e. lambda (λ)=0.188, 
kappa (κ)=0.007 and a frictional constant (M)=1.9, which were used by Indraratna and 
Salim (2002) to model drain triaxial shearing on crushed basalt. By changing either the 
specific volume at reference pressure on the normal consolidation line or the pre-
consolidation pressure, the required height of the goaf can be obtained. Figure 3 shows 
curves of dependence between the obtained goaf height and specific volume for three 
different pre-consolidation pressures, i.e. 1e5Pa, 1e4Pa, and 1e3Pa. 
 
4. MODEL RESULTS 
 
4.1 Surface Subsidence 
 
The existing constitutive models that are available in almost all commercial software 
aren’t capable of providing accurate solutions. Figures 4a and 4b depict the surface 
settlement half-profiles. The distance zero corresponds to the centre line of the 
excavation, and it is assumed that there is little or no gradient across the longwall face 
so that the subsidence profile is symmetrical about the excavation’s centreline. In 
Figures 4a and 4b, it can be noticed that the empirical method provided by the 
Subsidence Engineers’ Handbook (NCB, 1975) fails to predict the correct depth of the 
trough, but it does predict the spatial extent very well. The results of the Mohr-Coulomb 
and Hoek-Brown failure criteria fail to predict both the depth and the spatial extent, but 
the results of both models agree closely with each other. This agreement means that the 
method of the calculation of the Mohr-Coulomb properties from the Hoek-Brown 
parameters is correct. 
 
Further investigation includes the implementation of the strain-softening model. The 
model uses the Mohr-Coulomb failure criterion to detect failure and the cohesion of the 
rocks will suffer a post failure reduction in strength. Using test results, Pourhosseini and 
Shabanimashcool, (2014) proved that the post failure friction angle is constant. For post-
peak variations of inherent cohesion, Pourhosseini and Shabanimashcool (2014) 















where γp is the plastic shear strain, %; c0 is the cohesion at the peak strength of the rock 
where γp=0, and n is the fitting parameter, which depends on rock type and its magnitude 
varies from 0.29 for Sandstone to 0.34 for Mudstone (Pourhosseini and 
Shabanimashcool, 2014). After the evaluation of the effect of this parameter on the 
subsidence profile, no effect was noticed after the goaf height was adjusted. A mean 
value of 0.3 was taken in this work. 
 
Figure 4a demonstrates that the strain-softening constitutive model predicts an identical 
subsidence profile to those profiles obtained by the Mohr-Coulomb and Hoek-Brown 
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models. However, the earlier investigations (i.e. by Lloyd et al, 1997) showed that the 
strain-softening model is capable of predicting a deeper trough than the Mohr-Coulomb 
model. This can be explained by examining the zone of plasticity. Figure 5a shows that 
the area of plastic deformation occurs directly above and under the excavation. After 
adjusting the goaf height, the strain-softening model shows the identical results as the 
Mohr-Coulomb model.  
 
4.2 Geological Strength Index 
 
The choice of the GSI influences where the plastic deformations occur (above or under 
the goaf). As it was mentioned before, the GSI stands for Geological Strength Index, a 
system of rock-mass characterization. Practically, the GSI should increase with the 
depth because the deeper geomaterial is, the less weathered and in better condition it is. 
If the GSI increases with the depth, the failure area above the goaf appears abundant. 
To show this, the GSI was increased by 2 each under- and overburden layer from 25 to 
85 from the surface to the bottom of the model as shown in Figure 6a. The under- and 
overburden at hand is of multiple rock types including, mudstone, sandstone, seatearth, 
and siltstone (which is the roof material). The layers are too thin to be clearly shown on 
the diagram (Figure 6). Figure 6a shows the constant GSI and the increasing GSI with 
the depth. Figure 6b presents the diagram of the stiffness, which is calculated according 
to Equation 1 vs depth for two cases: when the GSI is constant and when the GSI 
changes from 25 to 85 with the depth according to Figure 6a. In Figure 5b, it can be 
seen that the model with the increasing GSI experiences more plastic defamation above 
the seam than the model with the constant GSI (Figure 5a).  
 
The plastic zone distribution influences the performance of the strain-softening model. 
In contrast to the model with the constant GSI (Figure 4a), Figures 4b shows that the 
strain-softening model with the increasing GSI predicts a deeper trough than the Mohr-
Coulomb model; however, this trough predicts and erroneous width if it is compared to 
the field measurements. More research on computer modelling of the surface subsidence 
is needed. 
 
4.3 Stresses in the Goaf 
 
Based on earlier research, Derbin et al. (2016) concluded that the vertical stresses in the 
goaf after perturbation should recover to the natural stresses at some sufficient distance 
from the goaf rib; however, during the current simulation, it was noticed that this did 
not occur. Figure 7a presents both the theoretical stress distribution at a depth equal to 
the roof of the seam and several key characteristics, which help describe the stress 
arrangements after the collapse of a mine. They are three distances D1, D2, and D3; D1 
is the distance into the goaf from the goaf rib where the stresses recover to the primary 
stress, D2 is the distance between the lowest residual stress in the goaf and the insitu 
stress in the unexcavated seem and D3 is the distance between the lowest stress in the 
goaf and the highest (peak) induced stress on the seam rib. D3 appears due to coal 
crushing at the seam rib, and it can be minimal or absent if crushing is not significant. 
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In order to investigate stress recovery in the goaf, Derbin et al. (2016) developed a 
simplified fictitious subsidence model where the goaf length is equal to distance D1. 
Distance D1 was calculated using the following equation suggested by Mukherjee 
(1994) (after Wilson, 1984): 
D1= 0.3-0.4·H (22) 
where H = the thickness of the overburden. 
 
The traditional double yield model and the modified Cam-clay model were implemented 
to represent goaf material behaviour. Figure 7b shows that both models predict stresses 
of 6MPa, which is lower than the primary stresses (10.5MPa). It means that the both 
models fail to predict the correct behaviour of the goaf. At the same time, if Figure 7a 
and Figure 7b are collated, it can be noticed that the results obtained with the help of 
the modified Cam-clay model are closer to the theoretical expectations. The peak and 
lowest stresses predicted by the modified Cam-clay model are higher and lower 
respectively than the stresses predicted by the double yield model. It means the modified 
Cam-clay model is better at predicting the behaviour of the goaf material. 
 
Contrary to the research described above, where the goaf length is sufficient for 
recovering the primary stress, the goaf length is only 75m in this research, which is more 
than three times less than necessary for the reestablishment of the primary stress. In the 
model for the Naburn site, H is 706.8m, therefore following Equation 22, D1 should be 
approximately 250m. As a result, Figure 8 shows that the stress in the goaf of the 
subsidence profiles obtained using the double yield model and modified Cam-clay for 




The paper describes how to simulate surface subsidence after a goaf collapse for any 
seam in any part of the world using only the description of the borehole log. The method 
of calculation of the Mohr-Coulomb properties out of the Hoek-Brown parameters was 
introduced. The predictions of the Mohr-Coulomb and modified Hoek-Brown 
constitutive models embedded in FLAC agree with each other. This proves the 
correctness of the method used to calculate the properties. The strain-softening method 
predicts identical deformation, magnitude, and spatial extent for a constant GSI, but the 
variable GSI causes a deeper trough.  
 
A pattern of plastic deformation around the goaf is crucial for the strain-softening 
model. When plastic deformation above and under the goaf is in the same quantity, the 
strain-softening effect of the model is compensated by adjusting the goaf height. All 
these plastic zones act as one big goaf. The pattern of plastic deformation depends on 
relationship between the GSI and depth. The GSI increasing with the depth produces a 
larger failure area above the goaf, which deepens the trough of the strain-softening 
model. Unfortunately, this is not sufficient to match field observations in this research, 
and the trough keeps the same erroneous width. Hence, practitioners should use 
traditional constitutive models to predict surface subsidence with great care.  
 
For the time being, the best solution would be utilization of the strain-softening 
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constitutive model keeping in mind that it can underestimate the depth and overestimate 
the width of the subsidence trough. To improve the prediction of the sizes of the trough, 
more advanced constitutive models should be implemented. The recent research by 
Derbin et al. (2018) has shown that the bubble model has better results. It predicts a 
deeper and narrower trough than the strain-softening model does. 
 
The paper also discusses how to improve the modelling of the goaf behaviour. A Critical 
State model, i.e. the modified Cam-clay model, was implemented into the goaf. It was 
shown that if the goaf length is not sufficient to recover the primary stresses, the 
modified Cam-clay model and the double yield model predict identical goaf behaviour. 
Hence, it is difficult to say how much of the model discrepancies can be attributed to 
the goaf and how much can be attributed to the 700m of overburden. This work suggests 
deeper investigation of modelling the goaf behaviour by increasing the goaf length up 
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Table 1. Guidelines for the selection of the modulus ratio. 
Based on Deere (1968) and Palmström and Singh (2001) 
Rock 
type 
Class Group Texture 




















































































































a Highly anisotropic rocks: the value of MR will be significantly different if normal strain and/or loading occurs 
parallel (high MR) or perpendicular (low MR) to a weakness plane. Uniaxial test loading direction should be 
equivalent to field application. 
b No data available, estimated on the basis of geological logic. 
c Felsic Granitoids: coarse grained or altered (high MR), fined grained (low MR) 
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    Metamorphic 
rocks 
    
Anhydrite  120'?  13.2 Amphibolite 75 125 250 31.2 
Coal 16" 21" 26"  Amphibolitic gneiss 95 160 230 31 ? 
Claystone 2' 5' 10' 3.4  Augen gneiss 95 160 230 30 ? 
Conglomerate 70 85 100 (20) Black shale 35 70 105  
Coral chalk 3 10 18 7.2 Garnet mica schist 75 105 130  
Dolomite 60' 100' 300' 10.1 Granite gneiss 80 120 155 30 ? 
Limestone 50* 100' 180* 8.4 Granulite 80' 150 280  
Mudstone 45 95 145  Gneiss  80 130 185 29.2  
Shale 36" 95" 172"  Gneiss granite 65 105 140 30 ? 
Sandstone 75 120 160 18.8 Greenschist 65 75 85  
Siltstone 10' 80' 180' 9.6 Greenstone 120' 170* 280* 20 ? 
Tuff  3' 25' 150'  Greywacke 100 120 145  
Igneous rocks          
Andesite 75' 140' 300' 18.9 Marble 60' 130' 230' 9.3 
Anorthosite 40 125 210  Mica gneiss 55 80 100 30 ? 
Basalt 100 165 355" (17) Mica quartzite  45 85 125 25 ? 
Diabase 
(dolerite) 
227" 280" 319" 15.2 Mica schist 20 80* 170* 15 ? 
Diorite 100 140 190 27 ? Mylonite 65 90 120  
Gabbro 190 240 285 25.8 Phyllite 21 50 80 13 ? 
Granite 95 160 230 32.7 Quartz sandstone  70 120 175  
Granodiorite 75 105 135 20 ? Quartzite 75 145 245 23.7 
Monzonite 85 145 230 30 ? Quartzitic phyllite 45 100 155  
Nepheline 
syenite 
125 165 200 
 
Serpentinite 65 135 200 
 
Norite 290" 298" 326" 21.7 Slate 120' 190' 300' 11.4 
Pegmatite 39 50 62       
Rhyolite  85'?  (20) Talc schist  45 65 90 10 ? 
Syenite 75 150 230 30 ?      
Ultra basic 
rock 
80' 160 360 
      
Soil materials2): 
Very soft clay σc= 0.025MPa       Soft clay σc= 0.025 -0.05MPa          Firm clay σc= 0.05 -0.1MPa 
Stiff clay σc= 0.1 -0.25MPa         Very stiff clay σc= 0.25 -0.5MPa       Hard clay σc= > 0.5MPa  
Silt, sand:    assume σc= 0.0001-0.001MPa 
*Values found by the Technical University of Norway, (NTH) Inst. for rock mechanics. 
'Values given in Lama and Vutukuri, 1978. 
"Values given by Bieniawski, 1984. 
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*These values are for intact rock specimens tested normal to bedding or foliation. The value mi will be 
significantly different if failure occurs along a weakness plane. 
 
Table 4. Density of different geomaterial (Shtumpf, 1994) 





Distorted and coal included rock 1800-2450 







Table 5. Subsidence factor after Bräuner (1973) 
Coal field Subsidence factor 
British coal fields 
Ruhr coal field, Germany 
North and Pas de Calais coal field, France 
Upper Silesia, Poland 
Donbass district, Ukraine 
Lvov-Volyn district, Ukraine 
Kizelov district, Ukraine 
Donetz, Kuznetsk and Karaganda districts, Russia and Ukraine 
























FIG. 2. Scheme of the model. 
 









FIG. 5. Plastic deformation resulting from the excavation: a) GSI is constant with 
the depth; b) GSI gradually increased with the depth 
 




FIG. 7. Compression vertical stress within the goaf: a) fictitious model (Derbin et 





FIG. 8. Compression vertical stress within the goaf (Naburn model) 
